The general theory of Part I is applied to the the specific case of scattering of a wave incident along the axis of Hill's spherical vortex. The full asymptotic solution to the initial-value problem is calculated. Results agree with the general approach, showing that the conditions required for the latter to hold apply in the case of Hill's spherical vortex.
I. INTRODUCTION
In Part I of this paper 1 we discussed the general problem of the scattering of acoustic plane waves by threedimensional vortical structures with scales small compared to the wavelength of the incoming sound wave. Using an asymptotic expansion of the equations of motion, the leading-order scattered field can be calculated under quite general circumstances, and is identical to that predicted by what can be called the acoustic analogy approximation. In this approximation, a forced wave equation is solved, and the forcing can be computed without solving in detail for the interaction between the vortex and the acoustic wave. One important assumption must be made: the principal effect of the incident sound wave must simply be to cause the vortex to oscillate back and forth. Whether this is, in fact, the case, can only be determined for certain by solving the scattering problem in detail. In this paper, we solve in detail the problem of scattering of acoustic waves by Hill's spherical vortex ͑HSV͒, for the simple case in which the incident acoustic waves propagate along the axis of the vortex, so that the entire problem is axisymmetric.
The vorticity takes the form
where e is the unit vector in the azimuthal direction about the axis of symmetry. Within HSV, is a linear function of the distance r sin from the axis of symmetry. Outside HSV, the vorticity vanishes. By assuming, consistent with incompressible dynamics, that perturbations also possess this property, the problem reduces to solving for the location of the boundary of the vortex. This is because, for the incompressible axisymmetric Euler equations, /(r sin ) is a materially conserved quantity, i.e., it is advected by the flow. In a compressible fluid, the relevant materially conserved quantity is modified to /(r sin ), where is the density. A compressible version of HSV can be derived, 2 in which /(r sin ) is uniform within the vortex, and vanishes without. Perturbations are then restricted to a class in which /(r sin ) remains uniform.
Previous work on HSV has been concerned with an instability that grows in time, in a thin finger in the neighborhood of the rear stagnation point whose width decreases exponentially in time. 3, 4 In these papers, prolate and oblate perturbations to HSV are considered, which result in the vortex either ejecting or entraining a thin finger of fluid at its rear stagnation point. We formulate our problem following Moffatt and Moore 3 ͑hereafter M and M͒, but in our problem the vortex is forced by the time-periodic flow of the incident acoustic wave.
We will employ the formalism of Part I. In the vortex, we will use coordinates centered on the vortex, while in the wave region we will use coordinates fixed in a frame at rest. In Part I we assumed that the vorticity was not expanded in powers of M , whereas here the vorticity will be expanded in powers of M . The analysis of Part I includes this, but effects due to the motion of vorticity, which in Part I are all represented together at O (1) , now arise at successive orders as the vorticity is expanded, as are its effects on the other flow variables.
We outline the physical situation briefly in Sec. II. Hill's spherical vortex is presented in Sec. III, together with the extension to weakly compressible flow that we use. The asymptotic solution to the scattering problem is calculated in Sec. IV, and we show that HSV meets the conditions required for the validity of the acoustic analogy approximation, as described in Part I. The acoustic scattering due to HSV has been computed previously using the acoustic analogy approximation. 5, 6 We show that these results are recovered here. In Sec. V we summarize and conclude.
II. STATEMENT OF THE PROBLEM
We consider homentropic flow of an ideal gas, for which the governing equations are 
where p a and a denote absolute pressure and density. The physical situation consists of a vortex, in which the local Mach number is small, onto which sound waves with wavelength long compared to the size of the vortex are incident. Taking the size of the vortex to be L and the local velocity to be U, the Mach number of the vortical flow is M ϵU/c 0 , where c 0 ϵ(␥ p 0 / 0 ) 1/2 . The Mach number is taken to be small and to leading order the vortex flow is incompressible. However, the vortex is modified by compressibility effects, which must be taken into account here.
The appropriate scalings for pressure and density are then
these are the scalings appropriate for near-incompressible flow. 7 Using the scaling ͑5͒, the nondimensional equations in the vortex region are
In this paper, we consider Hill's spherical vortex, which translates at a constant velocity. Therefore, we take Eqs. ͑6͒-͑8͒ to apply in a frame of reference moving with the velocity v of the vortex centroid, 1, 8 in which case the material derivative becomes
We shall use the notation of Part I, in which the spatial coordinate in the vortical region is
where x c denotes the ''center'' of the vortical region, and
In Part I we discuss the conditions that must be satisfied by v: in particular, it must be a slowly varying function of time. Because Hill's vortex translates at a constant velocity, this condition is automatically satisfied by taking x c to be the center of Hill's vortex, for which v is constant. Equations ͑6͒-͑8͒ are not appropriate far from the vortex. In the wave region, the appropriate spatial variable is XϭM x and the governing equations become
where the gradient operator acting on a wave-region quantity corresponds to differentiation with respect to X. Nondimensional fields in the wave region are represented by capital letters ͑except for the density , which is denoted there by H͒. In ͑12͒-͑14͒, the velocity field has been scaled by a factor of M . The leading-order dynamics in the wave region correspond to acoustic wave propagation with a mean flow. Note that, unlike the vortex region, no transformation to a moving frame is employed in the wave region.
In the wave region, because the acoustic waves are irrotational and the vortex is localized, the vorticity is small beyond all orders in M . This implies that, to all algebraic orders in M , the velocity field U may be written using a velocity potential ⌽, defined by Uϭ"⌽.
The nondimensional amplitude ␦Ӷ1 of the incoming acoustic wave is assumed to be sufficiently small that we may ignore nonlinear steepening effects. We are interested here in the linear scattering of waves by the vortex. This is reasonable in the case of experiments where the wave region is the region where waves are created and detected: farther away would be outside the experimental apparatus.
The solution is then written as an asymptotic expansion in M and ␦ that are independent small parameters ͑see Part I͒. In this situation, however, it is convenient to make use of the equation for mass-weighted vorticity, namely
͑15͒
which takes the following form in the axisymmetric case:
͑16͒
The conserved quantity is mass-weighted azimuthal vorticity.
In common with the practice in geophysical fluid dynamics, 9 we shall refer to the materially conserved quantity /( a r sin ) as the ''potential vorticity.''
III. HILL'S SPHERICAL VORTEX
Hill's spherical vortex is a steadily translating exact solution of the Euler equations. It takes its simplest form when viewed in the frame moving with the vortex. In this frame there is a uniform flow e z at infinity.
The Stokes streamfunction 0 Ј for Hill's spherical vortex in this frame is given by
Here, rϭ͉͉ is the distance from the center of the vortex, and is the polar angle ͑or colatitude͒. This is an exact solution of the Euler equations ͓i.e., the limit of Eqs. ͑6͒-͑7͒ in which M ϭ0͔. The streamfunction 0 Ј defined by ͑17͒ is shown in Fig. 1 . In this paper, we are concerned with acoustic scattering from a vortex moving in a medium that is at rest at infinity. Therefore, we subtract the uniform flow at infinity from ͑17͒, which gives the streamfunction 0 for HSV moving in a frame at rest:
Here, r is the distance from the center of the vortex, which translates at velocity Ϫe z . The streamfunction 0 defined by ͑18͒ is shown in Fig. 2 . The azimuthal component of vorticity corresponding to the flows ͑17͒ and ͑18͒ is given by
where
The radial component of velocity is
and the meridional component is
This formulation of HSV satisfies ͑6͒-͑8͒ with v 0 ϭϪe z , and u→0 as r→ϱ, where e z is the unit vector in the z direction along the axis of HSV.
To proceed, we must first obtain the leading-order pressure, p 0 . To do this, a Bernoulli integral of ͑6͒ can be formed, and the result is
This Bernoulli integral exists in rϽ1 because of the special form of the vorticity inside HSV. Hence, the pressure p 0 is given by , rϾ1.
͑24͒
To calculate the scattering in the wave region, it turns out that we will need the first correction to the HSV due to compressibility, which occurs at O(M 2 ). This problem has been investigated previously, 2 and, as then, we need to extend the HSV to the compressible case, although we only need the small M version of the result. We will do this by specifying that the ''potential vorticity'' of the vortex be constant inside a region rϽh(). For incompressible flow, h()ϭ1 and the value of the constant is Ϫ15/2. Extending this condition gives
The boundary between the inner and outer portions of the vortex becomes a function of the angular coordinate . We carry out this calculation only in the vortical region. We expand the velocity field and boundary in powers of M 2 :
The equations that we need to solve are then
Note that from ͑4͒, 0 ϭp 0 . We now decompose the velocity field u 2 into a streamfunction and a velocity potential. We hence solve for the velocity potential from
to which a solution is
where P n () is the Legendre polynomial of order n with argument ϭcos . This solution satisfies boundary conditions of regularity at rϭ0 and decay as r→ϱ, but does not satisfy continuity conditions at the boundary of the vortex. Continuity conditions must be applied to the velocity, but not necessarily to the rotational and divergent parts separately. Therefore, we will take ͑29͒ for 2 , and apply continuity conditions when we determine the streamfunction 2 . 
͑32͒
The conditions at the boundary of the vortex boundary are continuity of the radial velocity u r and the azimuthal velocity u , and the kinematic condition that the boundary be a material surface. These may be rewritten as
where ͓ ͔ represents the jump in that quantity at rϭ1, and primes represent derivatives with respect to r. Each of these conditions is expressed as a sum of Legendre polynomials. Only the terms corresponding to nϭ1,3 remain in the continuity conditions for u r and u , and the third condition can be satisfied provided the boundary displacement takes the form h 2 ϭH 0 P 0 ()ϩH 2 
IV. AXISYMMETRIC SCATTERING BY HSV

A. The O"␦… solution in the wave region
We take the incident acoustic wave to be of the form
which is a plane wave propagating along the Z axis. Here, ϭϮ1 determines the direction of propagation of the wave. The velocity and pressure are related by
Note that there is a distinction between ϭ1 and ϭϪ1; in the former case, the vortex and the incident wave are propagating in opposite directions, while in the latter case they are propagating in the same direction. We shall assume that, for large values of its argument, F() becomes a monochromatic function, e Ϫi . For smaller values of its argument, we assume that it turns on smoothly. This is important because, although the leading-order scattered field is monochromatic, the detailed dynamics within HSV can only be resolved by solving the initial-value problem.
In the neighborhood of the vortex, the pressure and velocity of the incident acoustic wave must be expanded, in order to provide asymptotic matching conditions for the flow in the vortex. The location of the vortex is XϭX c ϭZ c e z , and
where Z c is the location of the center of the vortex. In the case of Hill's vortex,
The result is that the pressure and velocity in the wave region take the form
in the limit ͉⌶͉→0.
B. The O"␦… solution in the vortical region
The solution at this order in the vortex region that satisfies the equations and the matching conditions is just a pressure oscillation,
This is a general result, not specific to Hill's vortex, and it is discussed in Part I.
C. The O"M␦… solution in the vortical region
The velocity at this order is irrotational, since no vorticity can be introduced into the system by the acoustic waves. The streamfunction inside the vortex thus takes the form 11
while the streamfunction outside the vortex takes the form
͑47͒
We impose the continuity of velocity at the vortex boundary, and also the condition that the boundary of the vortex is a material boundary, to obtain evolution equations for the coefficients A n (1) . The result is
The procedure is identical to that of M and M, except that here an additional set of coefficients, C n , is retained. These coefficients are determined by matching to the incident sound wave. At O(M ␦), these matching conditions give
Now, when all the C n (1) vanish except for C 1 (1) , the system of difference equations ͑48͒ has a special solution in which
͑50͒
On solving the equation for A 2 (1) , we recall that, although Z c is a function of time, its time-derivative is taken to be O(M ), and A 2
(1) satisfies
where the notation for the time-derivative is as in Part I. The solution for A 2 (1) is
in which Z c is taken to be a constant. Continuity of at the boundary of the vortex gives
Note that if the function F(tϪz) tends to a timeharmonic function of its argument for large times, A 1
(1) will become time harmonic in the limit t→ϱ, and A 2
(1) will become time harmonic, albeit possibly offset by a constant value. This constant value may be neglected if the acoustic source is turned on over a time that is long compared with one period of the wave, so that
in which ⌳(t)→0 as t→Ϫϱ and ⌳(t)→1 as t→ϱ, and ⑀/͉͉Ӷ1. Henceforth we shall assume that F(t) takes the form given by ͑54͒. ϩ 0 e Ãu 11 ϩ"͓͑u 0 Ϫv 0 ͒"u 11 ͔ϭϪ" p 11 ,
͑59͒
at O(M ␦), where here we have used the fact that the vorticity vanishes at O(M ␦). Hence there exists a velocity potential 11 , such that u 11 ϭ" 11 . Consequently, ͑59͒ may be integrated to give
When 11 is obtained from 11 , and the result substituted into ͑60͒, the expression for p 11 in the limit t→ϱ is found to be 
͑69͒
The matching conditions that must be enforced across the vortex boundary are the continuity of , ‫,‪r‬ץ/ץ‬ and the kinematic condition. Note that no terms of form C n r nϩ1 sin 2 P n () are required in ͑69͒, because the velocity " 21 matches to the incident wave at this order, where 21 is given by ͑66͒. The continuity of both components of velocity at the boundary of the vortex, plus the kinematic condition, are expressed at this order as
Following the derivation of ͑48͒ for the evolution of the coefficients A n (1) , we have
͑71͒
To obtain the scattered field at O(M 4 ␦), it appears that we need only determine the value of A 1 (2) , since it is only the flow corresponding to nϭ1 that can match to flow in the wave region at O(M 4 ␦). Taking nϭ1 in ͑71͒, we see that
The causal solution, which satisfies A 1 (2) →0 as t→Ϫϱ, is
The corresponding expression for B 1 (2) is
Unlike the solution at O(M ␦), however, Eq. ͑71͒ has forcing at nϭ1, nϭ2, and nϭ3. At this point, we note that the system ͑71͒ can be solved for nу3 independently of the values of A 1 (2) and A 2 (2) . Therefore, if the A n (2) can be obtained for nу3, the value of A 2 (2) can then be evaluated a posteriori.
Thus, although forcing at modes nϭ1 and nϭ2 in ͑71͒ admits a solution in which A n (2) ϭ0 for all nϾ2, the forcing at nϭ3 in ͑71͒ implies that, in general, the A n (2) will be nonzero for all n. It is now important to determine the character of these solutions in the limit t→ϱ, for all n. If any of these coefficients grows without bound as t→ϱ then the asymptotic expansion for the flow in the vortex may become disordered, and the results derived in Part I may no longer apply.
We start by investigating time-periodic solutions to ͑71͒, with time dependence e Ϫit . There are two branches of solution, and in the limit n→ϱ they take the form
It can readily be shown that
͓The expressions given for 1 and 2 in M and M, Eq. ͑3.35͒, are incorrect.͔ Now, in both of these solutions, ͉A n (2) ͉ decays as n Ϫ2 for large n. It turns out that the sum for 21 converges, whichever is taken, but the expression for the velocities does not converge, whichever is taken. If a causal solution is sought, by setting →ϩi⑀ and taking the limit ⑀→0 ϩ , then the expression for the velocity converges if the first case, A n (2) ϭn 1 , is taken. Therefore, this represents the causal solution.
The solution for ϭ1 is shown in Fig. 3 . Note that the farfield form of 21 , visible in the right-hand panels, clearly takes the form of a quadrupole, with angular dependence proportional to sin 2 P 2 Ј(cos )ϰsin 2 cos . Note also that, for ϭ1, the real and imaginary parts are approximately equal in magnitude.
The solution for ϭ10 is shown in Fig. 4 . Note that the magnitude of the real part of 21 is approximately ten times larger than the imaginary part. Note also that, for r→ϱ, the imaginary part has the angular dependence sin 2 cos , consistent with matching to a quadrupole farfield, whereas the real part has the angular dependence sin 2 P 3 Ј(cos ) ϰsin 2 (5cos 2 Ϫ1). The solution for ϭ0.1 is shown in Fig. 5 . Note here that the magnitude of the imaginary part is approximately ten times greater than the real part. In this case, however, both real and imaginary parts have the quadrupolar form sin 2 cos as r→ϱ. Now, in the time-harmonic limit, 21 ϭ 1 2 i 2 , and so the results presented in Figs. 4 and 5 show that the velocity induced in the vortex is in phase with the imposed velocity of the wave if is small, and /2 out of phase if is large.
Although 21 is bounded in these periodic solutions, the radial velocity is not bounded in the neighborhood of the rear stagnation point. The solutions presented in Figs. 3-5 do not apply at any finite time, and although 21 approaches these solutions pointwise as t→ϱ, its gradient does not approach any finite limit as t→ϱ.
To investigate the solution in the limit t→ϱ, we solve an initial-value problem in which the incident wave takes the form given by ͑44͒, with F given by ͑54͒. The system ͑71͒ for nу3 can now be solved to good approximation, following M and M, by first defining 
For convenience, we define a new time scale tЈϭ 3 4 t. Then, dropping the prime on the new time scale, the ␣ n satisfy the difference equation
with ␣ n ϭ0 at tϭ0. Following M and M, we approximate (1Ϫ1/(2nϩ5) 2 ) by 1. As discussed by M and M, and also by Pozrikidis, 4 this makes an error of no more than 2%, when nϭ1, and the approximation improves as n→ϱ, which is our interest here. We therefore replace ͑78͒ by d␣ n dt Ϫn͑␣ nϪ1 Ϫ␣ nϩ1 ͒ϭ 16 49
Now, a solution of ͑79͒, with no right-hand side, is ͑see M and M͒ ␣ n ϭn tanh nϪ1 t sech 2 t. ͑80͒
At tϭ0, this solution satisfies ␣ 1 ϭ1 and ␣ n ϭ0 for all n Ͼ1. By using this solution as a Green's function for ͑79͒, we may express the solution to ͑79͒ as
The integrand is more conveniently rewritten in terms of a new variable, x, defined such that tanh(tϪ)ϭe Ϫx , and so
Our primary aim in this analysis is to consider the behavior of ␣ n (t) in the limit t→ϱ, and so to establish whether the solution remains well behaved over large times. To analyze the limit t→ϱ in ͑82͒, we first replace ln(coth t) by 2e
Ϫ2t . It follows immediately that if 2ne Ϫ2t ϭN 1 ӷ1, say, then ␣ n (t)ϭO(e ϪN 1 ). Thus, for any given t, there exists an Nӷe 2t such that for all nϾN the coefficients decay exponentially with n.
On the other hand, if t is large, and n is large but held fixed, then the dominant contribution to ͑82͒ comes from the region xϭO(n Ϫ1 ). Let uϭnx. Then we may approximate tanh Ϫ1 e Ϫu/n by tanh
Now, if tӷ 1 2 ln n, then the argument of FЈ in ͑83͒ is large when uϭO (1) . The exponential e Ϫu implies that contribution from uӷ1 is then negligible, and so FЈ() may be approximated by Ϫie Ϫi in the evaluation of ͑83͒. Hence, for tӷ 1 2 ln n,
This is the solution with behavior A n ϭn 2i/3Ϫ2 for large n, which we argued previously should correspond to the causal solution. The analysis here shows how this solution develops in time, starting with small n and propagating to large n, with the coefficients for sufficiently large n decaying exponentially with n for any time t. Thus, for any finite time, this solution remains bounded.
Finally, A 2 is obtained by solving
In the limit t→ϱ, the right-hand side of this equation is harmonic in time. Thus, in the limit t→ϱ, A 2 (2) is also harmonic in time, possibly with a constant offset, corresponding to a fixed displacement of the vortex. This displacement is negligible provided the time over which the acoustic wave is turned on is large compared with one period of the wave.
Corresponding expressions for the coefficients B n (2) can be obtained from continuity of normal velocity at the bound- At this order, the equations are
Ϫv 0 "" 11 ϩ""͑u 0 11 ϩu 11 0 ͒ϩ""u 31 ϭ0, 31 ϭ 0 11 . ͑86͒
In order to determine the scattered wave field, at O(M 4 ␦), we need to determine the streamfunction and velocity potential that together correspond to a monopole source in the limit r→ϱ. At this order, we shall be concerned only with establishing the time-harmonic response; the analysis of the previous section shows that the timeharmonic response is the the long-time limit of the initial value problem for finite spherical harmonic mode numbers. Now, using ͑61͒, one can readily see that the streamfunction 31 Ϫ inside the vortex satisfies 
Substituting the expressions already obtained onto the right-hand side of ͑90͒, and collecting the dependence into a sum over Legendre polynomials, we find that, in the larget time-harmonic limit, 31 satisfies 1 r
, rϾ1.
͑94͒
The solution is 31 ϭe
where C is a constant that must be determined by matching the radial velocity at the boundary of the vortex. Expanding this condition to O(M 3 ␦) gives
where, as before ͓ ͔ denotes the jump in a quantity at r ϭ1, and primes denote differentiation with respect to r. The expressions for u 0 , u 2 , u 11 , h 2 , and h 11 are substituted into ͑96͒, and expressed as a sum over Legendre polynomials. The result is that the coefficient of P 0 () obtained from the first three terms in ͑96͒ vanishes, and hence
ͬϭ0.
͑97͒
It follows that C in ͑95͒ is given by
Continuity conditions for the other modes in the expansion will yield a system of equations analogous to ͑71͒, except that forcing will be present for a larger ͑but finite͒ num- 
͑105͒
In preparation for matching to these solutions in the wave region, the velocity corresponding to the streamfunction 11 ϩ can be expressed as the gradient of a potential. The result is that, when contributions from the velocity field at orders M ␦, M 2 ␦, and M 3 ␦ are combined, the matching condition on ⌽ 41 is
This determines ⌽ 41 H to be
The dominant behavior in the farfield is given by Hence the scattered sound field ͑116͒ predicted by the general theory of Part I agrees with the result of the explicit calculation for Hill's spherical vortex ͑111͒.
V. CONCLUSIONS
In Part I of this paper, we showed that the sound field scattered by a vortex in response to an incident plane acoustic wave could be evaluated without solving the problem in detail, provided it was assumed that ͉JϪJ 
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